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ON THE LOCATION OF THE ZEROS OF
POLYNOMIALS

D. M. Simeunovié¢

Summary. In this paper we determine in the complex plane
regions containing the zeros of the polynomial

(1) P(2)=2z"+a1z" ' + a2z 2+ . 4+ an_12 + an, n> 3.

We also obtain an expression which represents an upper bound for
the moduli of the zeros of P(z).

1. The location of the zeros of the polynomial (1) in the complex
plane, depending on its coefficients ax, & = 1,2,---,n, was investigated
by many authors (see e.g. [1] and [2]). Here we quote a result due to P.
Montel [3] which is as follows:

(R1): All the zeros of the polynomial (1) lie in the region

(2) |z < 2M,
where
(3) M =max|apl¥,  k=1,2,-,n.

Representing the polynomial (1) in the form
(4) P(z)=2"Yz—-a;)+apz" 2+ 4 @n12 + ap,
M. Tomié [4] considered the zeros of the polynomial (1) in the halfplanes

|z +a1] > |z —1], |2+ a1] < |z — 1| and the halfplanes |z + a1]| > |7|,
|z + a1| < |z| of the complex plane and obtained interesting results.
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2. In this paper, the zeros of the polynomial (1) are considered in
certain circular regions and also in the halfplanes |z+a;| > |z|, |z4a1| < |2|
of the complex plane and the following theorem is proved.

Theorem. For fized positive parameter s, let
(5) Mszmax|ak|?T'1=-_2, k=2,3,---,n.
Then all the zeros of the polynomial (1) lie in the union of the regions
(6) |z + a1| < B, |z| < My + (M2)B~1,

where B is an arbitrary positive constant.

Proof: From(5) we have
(7) |a2| < M:, |(13| < M:'*'l,...,lanl < M:+'n.—2.

Taking into account (7), from (4) for |z| > M, we have

n—1 s—1 |a2| |0,3| |a”n|
|P(2)| > |2| {|z+ ai| — |2 [lzls + PES 4ot —|Z|s+n_2 >

et s—1 Ms s Ms s+1 Ms s+n—2
> 2" 4|z + @] ] =) T\w) T +oolp =

=l {le ) - 2]
|2 — M

that is

(5 P > 12 {lz + ol - 25}

For |z 4+ a1| > B, that is, for points in the complex plane which do
not lie in the region |2 + a1| < B, we obtain from (8)
M? :
9 P(z >z"‘1{B——S}.
(9) 1P > 2 {B - op

According to (9), for |z| > M, in the region |z+a4| > B we have |P(z)| > 0
for |z| > M, + (M?)B~!. This means that |P(z)| # 0 at points of the
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complex plane which do not lie in the regions |z + a1] < B and |z] <
M, + (M$)B~!. From this we deduce that all the zeros of the polynomial
(1) must lie in the union of the circular regions (6), which finishes the proof
of Theorem. ’

3. Taking for B and s different positive values we can obtain from
Theorem several particular results. Here we list some particular cases.

3.1. For B = £ [Ms - |a1] + V(M — |a1])? +4M§] (when M, +
(M3)B~! = |a1|+ B, i.e. the case when the circle |z+a;| = B is contained

in the circle |2| = M; + (M?)B~! and touches it):
(R31): All the zeros of the polynomial (1) lie in the region

1
(10) 2l < 5 [ Mo+ laal + (M, — a2 + 4]

3.2. For B =1 M, + /MZ+4M;| (when B = M, + (M:)B™):
(R32): All the zeros of the polynomial (1) lie in the union of the

regions
1
- 2 s|
|z 4+ a1]| < 7 [M3+ \/ M +4Ms] ,
. :
(11) |z] < 2 [Ms + 4/ M2 +4Ms] .

It is not difficult to see that

1
3 [Ms +y/ M2 +4M;] <

1
(12) < 5 Mo+l + M = a2+ 0]

where in (12) we have the equality sign when a; = 0.
If a; = 0, then according to (11) it follows that all the zeros of the
polynomial (1) lie in the region

1
(13) ol < 3 [Ms +/a2 +4M§] .

The circular regions (11) are symmetric with respect to the line
|z + a;1| = |2|, for a1 # 0. Taking this into account, the result (R3z) can be
given in the form:
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(R%y): In the halfplane
(14) |z + a1} > |7

the zeros of the polynomial (1) lie in the region

1
(15) ol < 5 [Ms + /a2 +4M;] .

In the halfplane
(16) |2+ a1| < 2]

the zeros of the polynomial (1) lie in the region

1
(17) |2+ a1] < 2 [Ms + M2+ 4M;] .

Let us consider the halifplane (14). On account of (12), the region
(15) is contained in the circular region (10).

If we consider the complex plane as the union of the halfplanes (14)
and (16), then according to (R3;1) and (Rj,) we can conclude that:

(RY): In the halfplane (14) the zeros of the polynomial (1) lie in the
region (15), but in the halfplane (16) the zeros of the polynomial (1) lie in
the region (10).

4. For s = 2, from (5) we obtain

(18) M, = max|ag|*, k=2,3,..,n.

In this case the results (Ra;) and (Rj%,) reduce, respectively, to:
(R41): All the zeros of the polynomial (1) lie in the region

1
(19) ol < 3 [Mz + ol +/(Ms — Jar))? + 4M22] .

(Ry2): In the halfplane (14) the zeros of the polynomial (1) lie in the
region

(20) 2] < % (1+5) My,
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In the halfplane (16) the zeros of the polynomial (1) lie in the region

(21 2+ 4] < % (14 V5) M.

Because of My < M and |a;| < M, we obtain

1
(22) 3 [M'z +]a1] + \/(M2 — la])? + 4M22] <2M,

where in (22) we have the equality sign vhen M, = |a| =
We also obtain

(23) %(1+\/5)M2§-;-(1+«/5)M<2M.

Taking into account (22) we conclude that the region (19) is con-
tained in Montel’s region (2), except when My = M = |a;| in which case
the two regions coincide.

In view of (R4;) and (R),) we can also conclude that:

(RY): In the halfplane (14) the zeros of the polynomial (1) lie in the
region (20), but in the halfplane (16) the zeros of the polynomial (1) lie in
the region (19).

Both the regions (19) and (20) are contained in Montel’s region (2).

5. The case when s — oo. From (5) we have

lim M, =1, slirgoM: = Ay = max|ax|, k=2,3,---,n

In this case the results (Ra1), (Rs2) and (Rj5,) reduce to the results
given in [5].
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