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A REMARK ON THE LOCATION OF THE
ZEROS OF POLYNOMIALS

D. M. Simeunovié

Abstract. In this paper we determine, in the complex plane, re-
gions containing the zeros of the polynomial

(1) P =2"+az""'+az"?+ - +an1z+an, 123

We also obtain two expressions which represent upper bounds for
the moduli of the zeros of P(z) with greater precision than those ob-
tained by Cauchy and P. Montel.

1. The location of the zeros of the polynomial (1) in the complex plane,
depending on its coefficients ax, £ = 1,2,-- ,n, was investigated by many
authors (see e.g. [1] and [2]). Here we quote a result due to Cauchy [1, p.123]
and a result due to P. Montel [3] which are respectively as follows:

(Ry): All the zeros of the polynomial (1) lie in the region

(2) 2] <1+ A,
where
(3) A = max |ag|, k=1,2,--- ,n.
(R3): All the zeros of the polynomial (1) lie in the region
(4) 2] < 2M,
where
(5) M:max|ak|%, k=1,2,--+,n.

2. In this paper, for the polynomial (1), the following theorem is proved.
Theorem. For fized positive parameter s,let
(6) M:maxlak|8+'lc—1, k=1,2,---,n,

(7) M1=max|w|s+}—1, i=1,3,-,u,
j
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1
(8) My = max |ay,|s+m-1,  m=24,--- v,

where u =n, v =n — 1, when n is odd, respectively, w=mn —1, v = n, when
n 1s even. Then all the zeros of the polynomial (1) lie in the region

M + ) MPS +4M2 + 4M5H
9) lz| < 5 .
Proof. From (7) and (8) we have
(10) |a'1| SMf, ‘(lgl SMf+27"' >|au‘SMf+u~1,
(11) lag| < M5, Jag| < M5F2,--- oy < MSFOTL
On account of M = max(M;, M), we have
(12) My <M and M, <M.

Taking into account (10), (11) and (12), from (1) for |z| > M we have
‘P(Z)‘Z\Z\n{l—\zls—l<[lall—l— |a3| I |au| :|+

EERRE G |z[sTu1
laz| lad4] |av|
Ynee P e Tt et >
2] 2] |2|

e () M) ()]} -

ppdio M Mg YL Myl M)
B -ME P M j2f — M

that is
s s+1
(13) P(2)] > |z|"{1 _ wz—}

4 =22

From (13) we have [P(2)] > 0 for |o| > MHVME+MAAMTT mpio
means that |P(z)| # 0 at the points of the complex plane not contained in
the region (9). From this we deduce that all the zeros of the polynomial (1)
must be in the region (9), thus completing the proof of this Theorem.

3. Taking for parameter s different positive values we can obtain from
the Theorem several particular results. Here we list two particular cases.

3.1. For s = 1 from the Theorem we obtain the following result:
(R31): All the zeros of the polynomial (1) lie in the region
M+ VME+4M? + 4M3

2 )

(14) 2|
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where

(15) M = moax|ag|¥, k=1,2--,n,
(16) ’ Ml = max|ajl%’ .7= 1)3,"' > Uy
(17 M2=max|am|#, m=24,---,v,

and where u =n, v =n — 1, when n is odd, respectively, u =n — 1, v = n,
when n is even.

In view of (15), (16) and (17), we have
(18) My <M and My,<M.

Keeping in mind (18), we see that

My + /M? 2+ 4MS
Taking into account (19) we conclude that the region (14) is contained
in the Montel’s region (4),except when M; = My = M, in what case the two
regions coincide.

3.2. The case when s — co. From (6), (7) and (8) we have

(19)

(20) lim M = lim M, = lim M, = 1,
8§00 FEmdes] L de s
: s — . y — P
(21) sli)rgoMl = A; = max|a;|, i=1,3-,u,
(22) lim M5t = Ay = max|am, m=2,4,--- v,
8§00

where v = n, v =n — 1, when n is odd, respectively, u =n — 1, v = n, when
n is even.

Hawing in mind (20), (21) and (22), from the Theorem we obtain the
following result:

(R3q): All the zeros of the polynomial (1) lie in the region

Ay + /AT ¥ 4+ 44,
(23) 2l < . ,

where

(24) Ay = max|a;l, j=1,3,--,u,
(25) Ay = max |ap, m=24,--,v,
(26) A = max|ag|, k=1,2,---,n,

and where u = n, v =n — 1, when n is odd, respectively, u =n—1, v = n,
when n 18 even.
In view of (24), (25) and (26), we have

(27) A <A and 49 < A
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Having in mind (27), we see that

A + /A2

Taking into account (28) we conclude that the region (23) is contained
in the Cauchy’s region (2), except when A; = A3 = A in what case the two
regions coincide.

4. References
[1] M. Marden: Geometry of Polynomials, Amer. Math. Soc., Providence, R. I. 1966.

(2] S. Zervos: Aspects modernes de la localisation des zéros des polyndmes d’une
variable, Ann. Sci. Ecole Norm. Sup., (3) 77 1960), 303-410.

[3] P. Montel: Sur quelques limites pour les modules des zéros des polynémes, Com-
ment. Math. Helv., 7 (1934-35), 178-200.

Mike Alasa 8
11000 Belgrade
Yugoslavia

Received February 22, 1999.



