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CONTINUITY OF GENERAL J-CONVEX
FUNCTIONS

Milan R. Taskovié

Abstract. In this paper we continue the study of the general J-
-convex functions, which are introduced in our former paper (Taskovié,
Math. Japonica, 37 (1992), 367-372). We prove that if D C R™ a convex
and open set, and if f : D — R is a general J-inner function with the
property of local oscillation in D, then it is continuous in D.

Since every J-convex function (also an additive function) is gen-
eral J-inner function, we obtain as a particular case of the preceding
statement the result of F. Bernstein and G. Doetsch.

1. Introduction and history

Let D C R™ be a convex and open set. A function f : D — R is called
J-convex if it satisfles Jensen’s functional inequality

) (E1y) < i

for all z,y € D. If the inequality in (J) for z # y is sharp, f is called strictly
J-convex. These functions were introduced (for n = 1) by J. W. Jensen
[12], although functions satisfying similar conditions were already treated by
Hadamard (8], Hermite [9], Holder [10] and Stolz [23].

Basic properties of J-convex functions in the one-dimensional case were
proved by Jensen himself and by Bernstein-Doetsch [3]. Generalizations to -
higher dimensions were made by Blumberg [4] and Mohr [17].

On can easily see that if a J-convex function is bounded on the open
interval I that it is continuous in I, and if it is unbounded on I that it is
unbounded on any subinterval on I. This means, if a J-convex function is
bounded on any subinterval of I it is continuous in 7, from Bernstein-Doetsch

paper [3].
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Fréchet [7] has proved that a measurable function which satisfies the
following Cauchy’s functional equation of addivity

flz+y)=flz)+ fly)
is continuous. Sierpinski [21] has proved that a measurable J-convex function
is also continuous.

Various other proofs of the preceding statements were then supplied
by Banach [2], Kac [13], Alexiewicz-Orlicz [1], Kuczma-Smital [14], Paganoni
[19], Fischer-Slodkowski [6], Figiel [5], Kurepa [15], Seneta [20] and Steinhaus
[22].

Ostrowski [18] has proved the statement according to which a J-convex
function bounded on a set of the positive measure is continuous.

In the present paper we prove some analogous statements of the pre-
ceding type for general J-convex (inner) functions. With this statements we
precision, correction and expand our the former results for general J-inner
functions (Theorems 2 and 3 in [25]).

In our former paper, Taskovi¢ [24], has introduced the notion of general
J-convex functions. A function f : D — R, where R denotes the real line
and D is a convex subset of R", is said to be general J-convex if there is a
function g : f(D)? — R such that

o) 7 (552 s max {10, 1), o700, 1)}

for all z,y € D. We notice that the set of all J-convex functions can be a
proper subset of the set of all general J-convex functions.

On the other hand, recall that a function f : D — R is said to be
general J-concave if there is a function g : f(D)? = R such that

) win {f() 1), (1), S)} <1 (23

for all z,y € D. If f: D — R general J-convex and J-concave function, then
f a general J-inner function.

We notice that the set of all J-convex and J-concave functions can be a
proper subset of the set of all general J-inner functions.

2. Local boundedness of general J-inner functions

Let D C R™. A function f : D — R s called locally bounded (locally
bounded above, locally bounded below) at a point z, € D if there exists
a neighbourhood U C D of z, such that the function f is bounded (bounded
above, bounded below) on U. We start with the following statements from
Taskovié [25].
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Lemma 1. Let D C R” be a convez and open set, and let f : D — R be
a general J-convez function for some bounded above function g : f(D)? — R.
If f is locally bounded above at a point x, € D, then it is locally bounded above
at every point x € D.

A brief proof of this statement may be found in Taskovié¢ [25]. We notice
that when considered dually and analogously to the preceding Lemma 1, we
obtain directly the following statement.

Lemma 2. (Dually of Lemma 1). Let D C R" be a convez and open set,
and let f : D = R be a general J-concave function for some bounded below
function g : f(D)? = R. If f is locally bounded below at a point T, € D, then
it s locally bounded below at every point x € D.

Thus, when we combine two preceding lemmas, we directly obtain the
following statement for general J-inner functions.

Theorem 1. Let D C R” be a convezx and open set, and let f: D = R
be a general J-inner function for some bounded function g : f(D)? - R. If f
1s locally bounded at a point z, € D, then it is locally bounded at every point
z€D.

A brief proof of this statement may be found in Taskovi¢ [25]. Since
J-convex functions have support lines, thus, we notice that J-convex functions
are, de facto, general J-inner functions. Thus we obtain directly the following
statement.

Corollary 1. Let D C R™ be a convez and open set, and let f : D — R
be a J-convex function. If f is locally bounded above at a point z, € D, then
it s locally bounded at every point z € D.

3. Continuity of general J-inner functions

A statement of Bernstein-Doetsch [3] says that if D C R" is a convex
and open set, f : D — R is a J-convex function, T' C D is open and nonempty,
and f is bounded above on T', then f is continuous in D. Are there other sets T’
for general J-convex and J-inner functions with this property? In this section
we will deal with such questions.

We begin with the following essential lemmas.

Lema 3. Let D C R” be a conver and open set. If f : D — R is a
general J-convez function, then there is a function g : f(D)™ — R such that

O (B <max {fen.. . Slon (7o), Slen)}

n

for every n € N and for every z,,... ,z, € D.
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Induction shows that this statement holds. As an immediate conse-
quence of Lemma 3 we obtain the following statement.

Lemma 4. Let D C R™ be a conver and open set. If f : D — R is a
general J-convez function, then there is a function g : f(D)? = R such that

(2) fOz+ (1= Ny) < max {f(2), fW), 9(f(@), 1)) }

for every z,y € D and for every A €Q N[0,1]|, where Q denotes the set of
rational numbers.

Proof. Let A=k/nforneNand 0 <k <n. Putz; =-- =z =2z
and zpy) =+ =z, = y. By (1) we obtain

£ (B < (1), 1), U@ 1@, S S}

n
which is the same as (2). If A = 0 or 1, the inequality (2) is trivial. The proof
is complete. '

We notice, if f : D — R is general J-convex and continuous, then (2)
holds for all real A € [0, 1].

In connection with the preceding, let D C R™. A general J-inner func-
tion f : D — R for some function g : f(D)? — R is called locally oscillation
at a point z, € D if there exists a neighbourhood U C D of z, such that

max { /(2), (), 9(f(@), FW))} -
= min{f(2), f(t), 9(f(2), F®)} < Cllo - el

for some constant C > 0, and for all z,y,2,t € U.

A mapping f : D — R is with the property of local oscillation in D
if it have the locally oscillation at every point of D.

We are now in a position to formulate the following statement with who
we precision, correction and expand our Theorem 2 of [25].

(Os)

Theorem 2. Let D C R" be a convex and open set, and let f: D — R
be a general J-inner function. If f with the property of local oscillation in D,
then it is continuous in D.

Proof. Let f be a locally oscillation at a point of D. Take an arbitrary
Zo € D. Thus there exists constant » > 0 such that K(z,,7) C D and (Os) for
all z,y,2,t € K(zo,r). For an arbitrary z € K(z,,7) we have ||z — z|| < r,
and consequently we can find a A €QN(0,1) such that ||z — z.||r~! < A <
< 2|z — zo||r L. Put

(3) Y=o + A Nz —20), z=z0— A"z —10).
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Hence we have ||y — zo|| < 7, and ||z — z|| < r, which means that y, 2 €
€ K(zo,r). Also, we obtain that z = A\y+ (1 —\)z, and z, = (1+ )tz +(1+
+A)~1)z. By Lemma 4, since f is general J-inner we have from (M) and (N)

min { £(y), f(zo), 9(f (), F(z0)) } < £(o) <

(4)
< max {£(y), /(2 9(7(3), F(a)) }
and
min { f(2), £(2), ( (=), f(z))}sf(:vo)s
(5)
< max {f(), 1(2), 9(f(2), £(2)) }.
Since z, v, 2, Zo € K(zo, T )we obtain the followmg inequalities of the form
f(@) = f(we) < max { £(3), F(z0), 9(f(0), F(0)) }-
- min { f(2), f(2), 9(£(), £(2)) }
and

§(@) = f(we) 2 min{ £(v), f(ze), 9(fW), F(o)) -
—max { f(z), /(2), 9(f(2), £(2)) }

Hence by (Os), since z,y, z,z, € K(zo,7), we obtain that
(6) —Cllz = zol| < f(z) = f(zo) < Cllz — Zo|-

The preceding inequalities (6) proves the continuity of f at a point
z, € D. Whence, since z, € D has been arbitrary, the continuity of f in D
follows. The proof is complete.

In connection with the preceding proof, we have the following locally
form of (Os). A general J-inner function f : D — R for some function g :

f(D)?* = R is called round locally oscillation at a point z, € D if there

exists a neighbourhood U C D of z, such that

A= max ,
o ax{ (), (o), 9(Fw), (o)} -
- min{£(2), £(2), 9(£(2), 1)} < Cllz - |
and
B := min{f(y), f(zo), g(f(y), f(xo))} -
(Ob)

- max {{(2), £(2), 9(f(a), £(2))} > ~Cllz - |
for some constant C > 0, and for all z,y,z € U. A mapping f : D — R is
with the property of round local oscillation in D if it have the round
locally oscillation at every point of D.

An immediate consequence of the preceding proof of Theorem 2 is the
following statement.



102 Milan R. Taskovié

Theorem 2a. Let D C R" be a convez and open set, and let f : D — R
be a general J-inner function. If f with the property of round local oscillation
in D, then it is continuous in D.

This proof is totally analogous to the proof of the preceding statement.

From the preceding statement, we are now in a position to formulate
the following consequence.

Corollary 2. (Bernstein-Doetsch [3]). Let D C R" be a conver and
open set, and let f : D — R be a J-convex function. If f is locally bounded
above at a point of D, then it is continuous in D.

Proof. We notice that J-convex functions are general J-inner functions.
Also, let f be a locally bounded at an arbitrary point z, € D. Thus there
exist positive constants M and r such that K(z,,7) € D and |f(¢)| < M for
t € K(zo,7). Then, the analogous to the preceding proof, for an arbitrary
z € K(zo,7) we have ||z — z,|| < r, and we can find a A €@QN(0,1) such that

|z = 2o||r ™! < X < 2|z — zo||r 1,
and that (3). Since f is a J-convex function we obtain from Lemma 4

F@) S M) + (L= Nf(ze),  flmo) S (1+1) 7 f(2) + M1+ 1) 7 f(2)
for all points z,y, 2 € K(z,, ). Thus f satisfies the conditions (Oa) and (Ob),
because

A () + (1= N f (o) = f(@o) = A[f(y) — f(z0)] < 4Mr7 ||z ~ 26|
and
B2 f(z) = 1+ )7 f(2) = M1+ N)Tf(2) =
=1 +)\)_1 [f(m) - f(z)] > —4Mr_1||:1; ~ Zol|.

This means that f satisfy all the required hupotheses in Theorem 2a.
Applying Theorem 2a to the mapping f we obtain that it is continuous in D.
The proof is complete.

Further, we shall introduce the concept of round locally boundness in
D c R™. A general J-inner function f : D — R for some bounded above
function g : f(D)? — R with M > 0 is called round locally bounded
above at a point 2, € D if there exists a neighbourhood U C D of z, such
that

(Bo)  f(z) <M <min{f(y), £(2), 9(f(®), F(2)) } +Cllz - ]

for some constant C > 0, and for all z,y,2 € U. A mapping f : D — R is with
the property of round local bounded above in D if it have the round
locally bounded above at every point of D.

We are now in a position to formulate the following statement with who
we precision, correction and expand our Theorems 2 and 3 of [25].
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Theorem 3. Let D C R™ be a convez and open set, and let f : D - R
be a general J-inner function. If f with the property of round local bounded
above in D, then it is continuous in D.

Proof. Let f be a round locally bounded above at a point of D. Take
an arbitrary z, € D. Thus there exist positive constants M, C' and r such
that (Bo) for all z,y,2 € K(zo,7) C D. For an arbitrary z € K(z,,7) we
have ||z — z,|| < r, and consequently we can find a A €QN(0,1) such that
llz —zo||™* < A < 2|z —2o|]r~*. From (3) and by Lemma 4, since f is general
J-inner we obtain (4) and (5) for all z,y,2 € K(z,,7). Hence by (Bo) we
obtain

(1) $@) - f(zo) < M =min{f(2), f(2), 9(f(2), 1()) } < Cliz =zl
and
(8) f(2)-f(ze)2 = (M—min{f(y), f(zo), 9(f(¥), f(ze)}) >~Cllz— o]

for all z,y,2 € K(zo,7). The preceding inequalities (7) and (8) proves the
continuity of f at a point z, € D. Whence, since z, € D has been arbitrary,
the continuity of f in D follows. The proof is complete.

Open problem. Let D C R"™ be a convex and open set, and let f :
: D — R be a general J-inner function. If f is locally oscillation at a point of
D, does f have the property of local oscillation in D?
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