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A NOTE ON TOPOLOGICAL n-GROUPS

Janez USan

Abstract. In the present paper is proved the following proposition.
Let (Q, A) be an n-group, ~! its inversing operation, n > 2 and Q is
equipped with a topology O. Also let

A (z, a7 y) = 2 &L 4 (z,a}7%,y) =z and
A (2,072 y) = 2L A(z,al%2) =y

for all z,y, 2 € Q and for every sequence a?_2 over . Then the following
statements are equivalent: (i) the n-ary operation A is continuous in O
and the (n — 1)-ary operation ~! is continuous in O; (ii) the n-ary
operation ~'4 is continuous in O; and (4ii) the n-ary operatin A™! is
continuous in O. [ See, also Remark 2.2. |

1. Preliminaries

1.1. Definition: Let n > 2 and let (Q, A) be an n-groupoid. We say
that (@, A) is a Dornte n-group [ briefly: n-group / iff is an n-semigroup and
an n-quasigroup as well.*

1.2. Proposition [14]: Let n > 2 and let (Q, A) be an n-groupoid.
Then the following statements are equivalent : (1) (Q,A) is an n-group; (i1)
there are mappings ~' and e respectively of the sets Q™! and Q™2 into the
set Q such that the following laws hold in the algebra (Q,{A, ~*,e})
[ of the type (n,n —1,n —2) ]

(e A7 A (a272) o) = A (5770 A (a207)),
®) Ae(a?™®) a0l z) =2 and
(<) A((ar7%0) Tapa) = e (af?); and
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(iii) there are mappings ~' and e respectively of the sets Q™! and Q™2 into
the set Q such that the following laws hold in the algebra (Q,{A, ~'.e})
[ of the type (n,n —1,n—2) ]

(a) A(A@D),20Y) = Az, A (237) 27550
(b) A(z,a77%e(a1™?) =2
(©) A (a, aff_Q, (a?—Z, a) ‘1) =e (a'f_Z) )

1.3. Remarks: e is an {1,n}-neutral operation of n-groupoid (Q, A)
iff algebra (Q,{A,e}) of type (n,n — 2) satisfies the laws (b) and (b) from
1.2 [[11] . The notion of {,j}-neutral operation (i,j € {1,...,n}, i < j) of
an n-groupoid is defined in a similar way [:[11] J. Every n-groupoid has at
most one {%, j}-neutral operation [:[11] /. In every n-group (n > 2) there is
an {1,n}-neutral operation [:[11] /. There are n-groups without {7, j }-neutral
operation with {7,7} # {1,n} [:[13] /. In [13], n-groups with {i,j}-neutral
operations, for {i,5} # {1,n} are described. Operation ~! from 1.2/ (c), (¢)/
is a generalization of the inversing operation in a group. In fact, if (Q, 4) is
an n-group, n > 2, then for every ¢ € () and for every sequence a’{_Q over @)
is

— _1 def — _
(@77%0) 7 B0} 0, 077Y),

2
where E is an {1,2n — 1}-neutral operation of the (2n — 1)-group (Q, A);

2
A @) Y AA@ED), 27N/ 2] ] (For n = 2,0 = = E(a);a ~! is the

inverse element of the element a with respect to the neutral element e(0) of
the group (Q, A).)

2. Result

2.1. Theorem: Let (Q, A) be an n-group, ~! its inversing operation
[:[12,14], 1.3], n > 2 and Q is equipped with a topology O. Also let

(0) 14 (z, a’f‘z,y) =& 4 (z,a’f‘Q,y) =z and
(0) A1 (a:,a?_Q,y) = &L 4 (z, a’f‘Q,z) =y

for all x,y,z € Q and for every sequence a’f_z over Q. Then the following
statements are equivalent:
(1) the n-ary operation A is continuous in O and the (n — 1)-ary operation
—1 s continuous in O;
(ii) the n-ary operation ~'A is continuous in O; and
(iii) the n-ary operation A~ is a continuous in O.
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Proof. 1) Let (Q, A) be an n-group, ! its inversing operation, e its
{1,n}-neutral operation and n > 2. Also let

14 (.'z,a’ll—2,y) = &L 4 (z,a’f”2,y) =z and
AV (2,07 2y) = 2&L 4 (m at %)=y

for all z,y, z € @ and for every sequence a]” 2 over Q. Then, for all z,y € Q
and for every sequence aj~ 2 over Q the following equalities hold

v A (ol 0) = A e (@) ),
2° e(a’l1 2) 1A(1 al” Q,x),
3° (a’f 2,m)’_1 = _A( A(.L‘ al” Q,x) al” 2,2:) and

£ Afzdhy) = TA(z,a7 TA(TA (6 ) 0T Y)).
Sketch 6f the proof of 1°:

14 (x a’f_2,y) =z& A(z,a}” ,y) RN

A(A(z,a17%y) 0772 (a1 7% y) ) = A (2,0]” ,(a’f L) T e

A(z,077% Ay, 01" - i %y) ) =A(z,a17% (077hy) T @

Aleral %o (al )= Al ) 7)o

[ (0),1.1,1.2,1.3 ]
Sketch of the proof of 2°:
4 (7,0} Z,x) =e (a?_2) & Ale(a]” 2) ,a,’ll_z,a:) =z [:(0) ], 1.2, 1.3.
Sketch of the proof of 3°:
_IA(—IA (:c al” 2,3:) a}” 2,$) = (a’f—Q,m) 1o
A((a? Q,m) —1 a2, z) = _1A(x ar” Q,x) &
A(@2) " 0) = e (a1
[:(0),2° ], 1.2, 1.3.
Sketch of the proof of 4°:
A(z,av?y) = A (z,a77?, AT A (y,a}~ 2 y),a} 2y)) &
2= A (A el ) o o 24) ) o
z=A(z,a]” 2A(ya (1) ) e
z=A(z,a1 " e (a'f %))

[:(0),3°,1.1,1.2 ], 1.2, 1.3.
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Similarly, it is possible to prove also the following equalities

. A o) = A (010 5) ).

°2 ‘ e (a’ll_z) = A1 (z,a,?_Q,:J') .

°3 (@77 %,z) 7' = A" (x,a7 2 A7 (2, 0f 2,x)) and

°4 A(z,ab % y) = A (A (z,a772, A7) (z,a’f‘z,x)) a7 y)

for all z,y € @ and for every sequence a’f‘2 over Q.

2) Let @ be equipped with topology O. Also let the n-ary operation A
is continuous in O and the (n — 1)-ary operation ~! is continuous in @. Then,
by 1° (°1), we conclude that the n-ary operation ~'4 (A~!) is continuous in
0.

3) Let @ be equipped with topology O. Also let the n-ary operation
—14 (A1) is continuous in O.Then, by 3° and 4° (°3 and °4), we conclude
that the n-ary operation A is continuous in O and the (n — 1)-ary operation
~1 is continuous in 0. O

2.2. Remark: Topological n-groups have been defined in mutually
different ways. The definitions in [6], [10] and [15] are related to each n > 2,
while those in [7] and [8] are restricted (only) to n > 3. All definitions from
the cited papers are mutually equivalent for n > 3, while the definitions from
the papers [6], [10] and [15] are also mutually equivalent for n =2 [: [9],
[15] /. (Definition of the topological n-groups from [10] is the definition 2.3
from [9].) Topological n-group is defined in [15] by (i) from 2.1. S.A. Rusakov
has proved (1984) that the n-group (@, A) is topological with respect to the
topology O iff A and ~'4 or A and A~! are continuous in the topology O
[ : see [9] ]. Assertion 2.1 is well-known for n = 2 [: e.g., [5], p. 105;
—IA(x’y) = A(:E,y_l) /O
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