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NOTE ON (n,m)-GROUPS
Janez Usan

Abstract. Among the results of the paper is the following proposi-
tion. Let 2m < n < 3m and let (@, A) be an (n, m)-groupoid (n,m € N).
Then, (@, A) is an (n,m)-group iff there are mappings ~! and e re-
spectively of the sets Q"™ and Q™ 2™ into the set Q™ such that the
following laws hold in the algebra (Q, 4,71,e):

A(A@D), a2 ™) = A (21, A (257) ,2205™),
A(A@D), o) = Al A (eR00)
Az, a7 e (a?7?™)) = 27" and

A2, arm (037 o) ) = e (a7 7P

1. Introduction

1.1. Definitions. Let n > m+ 1 (n,m € N) and (Q, 4) be an (n,m)-
groupoid (A : Q" — Q™). Then: (a) we say that (Q, A) is an (n,m)-semi-
group iff for everyi,j € {1,....,n —m +1},i < J, < 1,3, the following law
holds

i—1 i+n—1 2n—mYy __ j—1 J4+n—1 2n—m
Az Al ) Titn )—A(xl ’A(xj )’xj+n )

[< 1,7 > associative law [; and (b) we say that (Q, A) is an (n,m)-group
iff (Q,A) is an (n,m)-semigroup and for every a} € @ there is exactly one
sequence z' over () and exactly one sequence y" over Q such that the
following equalities hold

A 2l") = an_ 1 and A(Y7,077™) = ap_pmy-
(See, also [3].)

1.2. Remark. A notion of an (n,m)-group was introduced by G. Cu-
pona in (2] as a generalization of the notion of a group (n-group - [1]). The
peper [3] is mainly a survey on the known results for vector valued groupoids,
semigroups and groups (to 1988). O
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1.3. Definition [5]: Let n > 2m and let (Q, A) be an (n, m)-groupoid.
Let also e be mappings of the set Q™2™ into the set Q™. Then, we say that
e is an {1,n — m + 1}-neutral operation of the (n,m)-groupoid (Q, A) iff
for every a7, zT € Q the following equalities hold:

A(zT, 0l e (a7?)) =27 and A(e(a}?™),a]”?™,2T) = 2T

1.4. Remark: Every (n,m)-groupoid (n > 2m) has at most one
{1,n—m+1}-neutral operation ({1, j }-neutral operation) [:[5]]. For (n,m)=
= (2,1), e(a)(= e(0)) is a neutral element of the groupoid (Q, A). See, also
[4,7]. O

2. Auxiliary propositions

In this paper the following < I, J-associative laws have the prominence:

(1) A(A(D), 2 q™) = AT A (250)

(1L) A(A@@}),275™) = A (21, A (2571)  e255™)

(1Lm) A4 (aT*,07~™), c{”,d’f‘Qm) = A (al’, A (8™, ) ,d?“2m) ,

(R) Al ™ A7) aiom) = A (7™ A (e250,)) and

(1Rm) A (™2™ A (b7, ™), dT) = A (a7 2™, b7, A (7™, dT*)) .O
2.1. Proposition: Let n > 2m and let (Q, A) be an (n,m)-groupoid.

Further on, let the < 1,n—m+1 >-associative law [:(1)] holds in (Q, A) and

let for every a7 € Q) there is at least one sequence z7" over ( and at least

one sequence yi* over Q such that the following equalities hold

A (O’?ll m :ET) - a‘n m+1 and A(yl @ n m) - an m+1-

Then, there are mappings e and ~! repectively of the sets Q™ *™ and
Q"™ into the set Q™ such that the following laws hold in the algebra of the

form (Q,{4,7" ,e})

(2L) Ale (a1™), 07", 2T") = 2T,

(2R) -~ A@ETeT e (al7)) = 2T,

(3L) A((apam o)™ apmim o) = e (a2

(3R) A (o, aem (a’f ) ) = e (af ),

(4L) A ((al —Im )T 1 qpim LA (B ay™ m{”)) =z, and

(4R) (A, a’;—m, B 0o, (a3 6 ) = o
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Proof. The following statements hold

1° (@, A) has a {1,n —m + 1} - neutral operation.

2
2° The < 1,2n — 2m + 1 > - associative law holds in (Q, A), where

2
Az LA (A=), 2227,
2n—m

and for every aj € (@ there is at least one sequence z7* over () and at
least one sequence y* over @) such that the following equalities hold

2 2
2n—-2m ,m\ _ ,n—-m m 2n—-2my\ __ 2n—m
A(al » 21 ) - a2n—2m+1 and A(yl » 01 ) - a2n——2m+1'

2
3° (@, A) has a {1,2n — 2m + 1}-neutral operation.

The proof of 1°:
Let b7* be an arbitrary (fixed) sequence over Q). Then for every sequence

al™?™ over @ there is at least one ez (a}"*™) € Q™ such that the following
equality holds
(0 Aler () a2, 47) = o

On the other hand, for every sequence ¢J* over @ and for every sequence
k?_zm over () there is at least one sequence t7* over @) such that the following
equality holds
(b) ot = A (b7, k74T

By (a),(b) and the assumption that the < 1,n —m 4+ 1 >-associative
law holds in (Q, 4), we conclude that the following series equalities hold:

Afer (a2m) a7, ) = A (eg (a2 a2, 4 (B, Kp2, 47)) =
A(A(er (a77%™) ol 727, 07) KT TP 4T =
A (B, KPP ) = o,
whence we conclude that for every sequence cf* over () and for every sequence

n—2m

af over @ the following equality holds

A (er (a772™) ,ab™2™ ") = T,
i.e., that (@, A) has (at least one) left {1,n — m + 1}-neutral operation ey,
[:[5]/. Similary, it is possible to prove that there is a right {1,n —m + 1}-

neutral operation eg in (Q, A) [[5]). Thus, for every sequence a}~*™ over Q

the following equalities hold
Aler (a17"™), a7 7", eg (a}7*")) = e (a] ™) and
Afer (a7™""),a} 7", er (a17°7)) = s (a]7%),

whence e;, = egr (= e).
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The sketch of the proof of 2° :

1) AR, W™ o), g g =
A(A(A ( ( 1) “1 2m ) ym+1’yn m+1)»"/3:4l-1m) =
A(A(A(z}),u 2m ) ym-}—l’A(un m+1))
A(A(D), ul™ om A<v1 LU AR )
A(A(2]), ul ™2™, A(AQT, ¥l 41, v ™) =

2 2
A(x?’ u111,—2m, A(’Uin, y%-{-l 3 yn+1 ))

2n—2 In—
2) A(a T T = agn T &
2n—2 2
A(A(a?),a nT-’i—l alt) = azﬁ om+1 and

2 2n—2m 2n—
A(yT*, af ) = Aoy _omy1 &

A(yT" af 2m,A( 27127271711)) = a%Z Im+1
The proof of 3° :

2

By 1° and 2°, we conclude that the (2n —m, m)-groupoid (@), A) has an
{1,2n — 2m + 1}-neutral operation (let it be denoted by) E.

Let

(n 2m :l:m) ldefE( n—2m

ay , 2] 2m) .

"L'l ’a'l

Hence, by 1° — 3°, we conclude that the laws (2L)—(4L) and (2R)-(4R)
hold in the algebra (Q, {4,7!,e}). (See, also [6,7],).

2.2. Proposition: Let n > m+1 and let (Q, A) be an (m,n)-groupoid.
Also let
(a) the (1L) [(1R)] law holds in (Q, A); and

(b) for every zT,y, a7™™
A (T ﬂff ™) =A@ alT") = 2l =y
(A (a7, 27) = A4 (0}, o) = o = o]
Then (Q, A) is an (m,n)-semigroup.
Sketch of the proof.

A A7) al17) = 4 o, AGER) 57T =

A(b, A (a7 A(al™ ) af™) by =

A (bl, A}, A (aTh) aim) 0™ =

A (A (bl, A ( H-n_l) )a?:;m—l) y @2n—m bg_m) =

A(A (b1, 0, A (a17)  o1707) s 02nm, B3 7T) =

€ Q the following implication holds
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A by 0i™ A (a7 ) = A by o, A (o]T) a5
(See, also 3.5 in [7].) O

3. Main results

3.1. Theorem: Let 2m < n < 3m and let (Q, A) be an (n, m)-groupoid
(n,m € N). Then, (Q, A) is an (n,m)-group iff there are mappings ~! and e
respectively of the sets Q™™™ and Q™2™ into the set Q™ such that the laws

(1L) A(A(a}),z7™) = Ao, A (s57) ,57557)
(1) A(A@D), 2 7") = A1 A (37500))
(2R) A (=T, a} ™M e (a’f—2m)) =z and
(3R) A (2, a1, (@372, o) ) = e (a72)

hold in the algebra (Q,{A,~!,e}).
Remark: For m =1: n =2 and (1L)=(1). See, also 3.3.

Proof. a) =:

Let (@, A) be an (n,m)-group. Then, by Proposition 2.1, there is an
algebra (@, {A4,7!,e}) of the type < (n,m),(n — m,m),(n — 2m,m) > in
which the laws (1L),(1),(2R) and (3R).

b) «: Let Q,{4,7!,e}) be an algebra of the type < (n,m), (n —m,m),
(n — 2m,m) > in which the laws (1L),(1),(2R) and (3R) are satisfied. Then
the following statements hold:

°1 For every zT*,y* € Q™ and for every sequence a7~ over @ the follow-
ing implication holds
A2l al™™) = A(y1 el ™) = T ="
°2 (Q, A) is an (n, m)-semigroup.
°3 The law (2L) from 2 holds in the algebra (Q, {4,7},e}).
°4 The law (3L) from 2 holds in the algebra (Q, {4,7!,e}).
°5 For every zT*,y* € Q™ and for every sequence a™™ over Q the follow-
ing implication holds
A, aF) = A (6 0f) = o =7

°6 For every zT%,yT", b1*, c* € Q™ and for every sequence a’f‘zm

the following equivalences hold

m _n-2m pm) _ ,.m m __ m _n—2m n—2m pm\—1
A(-Tl;aq abl)—cl ] —A(cl,al ’(a‘l ’bl) ) and

over @

- - -1 —
A, a1 yl) = o e o = A (@72 0) T el )
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The proof of the statement °1 :
By the assumption that the laws (1),(2R) and (3R) hold in (Q, {4, ?,
e}), we have that for every 7%, 27, y7* € Q™ and for every sequence a’f”zm

over  the following series of implications hold
A (2T, a2 o) = A (v, a7 2™, 07 =
—-2m bm) n—2m ( —2m bm) -1

A (371 , a1 ay
A(yl ’a711—2m bT) a711 2m ( —2m bm) -1 =

A<y;n’ —2m A( 4 ,a? 2m (al —2m bm) 1) =
AT, ai ™™ e (al7")) = A (7" a7 e (a7 7°7)) =

zl" =7

)=

)
o, af =", A (0], 017, (0 0) ) ) =

)

2

The proof of the statement °2 :

For m = 1(n = 2 = m+1) the statement °2 is an immediate consequence
of the definition of a semigroup and of the assumption that the law (1L) /=(1)/
holds in (@, A). For m > 1(: n > 2m > m + 1) the statement °2 holds by
the assumption that the law (1L) holds in (Q, A), by statement °1 and by
Proposition 2.2.

The proof of the statement °3 :

By the assumption the laws (2R) and (3R) hold in (Q, {4,7!,e}), and
also by °1 and °2, we conclude that for every 27", y7* = Q™ and for every
sequence 2™ over @ the following sequence of implications holds:

Ale (af72") a7 o) =y
A(A (e (™), 017, o), ap 7, (a2 xm )=
A (e, (@, er) ) =
A (e (am),ap72m, 4 (2, a7, (a7 2) 7)) =
A e, (@™, ar) ™) = Afe (a7, ap e (a1 7)) =
Ay e, (@7, ap) ) =
e (a7™2™) = A (y, 0l ", (a7, aT) ) =

2m n—2 -1 2m 2m -1
A (l'l aa‘rlz (a’l m win) ) A (yl aa? (0,717' a’Jln) ) =
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l‘;n = yl .

The proof of the statement °4 :

By the assumption the laws (2R) and (3R) hold in (@, {4,7!,e}), and
also by °1-°3, we conclude that for every z7*, yT* € @™ and for every sequence
a?—Qm over () the following sequence of implications holds:

A ((a?'2m,m’ln)—l ,a?“zm,x’ln) =y =
A (A ((a?‘2m,x§")~1 ,a?"2m,x§"> ,ap ™ (a’f‘Zm,xT)—l) =
-~ _ -1
Y N e I
A (a7 e ™t A (o7 o, (a3 ep) 7)) =

n—2m m)—l ’a711—2m, e (a'rlz—-Zm))

A (y’ln, al?m (a’f‘zm,zrln)_l) = A ((a1 , T
A (y{”, arf“zm, (a?_2m,x§")_1) = A (e (a’f‘zm) ,a’f_2m, (a’f“Qm,xT)_l) =
A (y{”,a’f—Qm, (a’f“zm,w’l")_l) > y'=e (a’f“Zm) .

The proof of the statement °5 :
By °2 and by °3 - °4, we conclude that for every =7, y7", b7" € Q™ and

for every sequence a?”zm over () the following series of implications holds:

A {",a’f‘Qm,x'{”) =A( T,a’f—Qm,y{") =S
A6 ap T, 0T ) =

(a2, b) ™ 0 A (] ) ) =
n—2m m) —

(4 ((arm o)™ ar 7m0 ) 0l 7", a]
(4 ((ap=2m, o)™ @b 5 ) el ™, g =

—-2m m) =4 (e (avlz—2m) ’a?—2m,yin) =

((a?—m’ bT)_l ) @1
(

m _
Iy =4

The sketch of the proof of °6 :

m n—32m m\ _ .m
A (27", af ’bl)_cl A

A A m an—2m ym n—am n—-2m pm -1
( (m1>0‘1 2 s l)aa’l : a(a’l 2 ’ 1) )
-1
‘1(61’0‘1 ? >(a‘1 2 ’bl) )

m  n-—-2m m _n—2m n—2m pm)—1
A<zlaa‘1 JA(laal a(al abl) ))Z
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A (Crln,(fll_2m, (al717.-—2m,b71n)—1> o
A (:len’ a,?"Qm’ € (a?—2m)) =4 (07111’ a711_2m1 (a?—Qm’ bsn)—1> ==
e a( )

[°1°2,(2R),(3R)].
Similarly:

ABT el P yl) = o &
A ((arll—-Zm, b71n)—1 ,arlz—-Zm’A ( 7171,&711—2m’y;n)) —_
A o) et ) e e
- -1 —
gt = A (a2 o) 7 e o)
[°5°2°3°4,]. O

3.2. Theorem: Let n > 3m and let (Q,A) be an (n,m)-groupoid
(n,m € N). Then, (Q, A) is an (n,m)-group iff there are mappings ~* and e
respectively of the sets Q"™ and Q™2™ into the set Q™ such that the laws

(1L) A(A(D), 85 = A (1, A (23 T1) 225,
(L) A (A8 d ") = A (A (7)),
() A a0 (677) = o and

(3R) Ao, ap ™, (@, ) = e ()

hold in the algebra (@, {4,71,e}).
Remark: For m = 1: (1Lm)=(1L). See, also 3.3.

Proof. a) =

Let (@, A) be an (n,m)-group. Then, by Proposition 2.1, there is an
algebra (Q,{4,7!,e}) of the type < (n,m),(n — m,m),(n — 2m,m) > in
which the laws (1L), (1Lm), (2R) and (3R) hold.

b) <: Let (Q,{4,7!,e}) be an algebra of the type < (n,m),(n —
m,m),(n — 2m,m) > in which the laws (1L), (1Lm), (2R) and (3R) are
satisfied. Then the statenments °1 —° 6 from the proof of Theorem 3.1 hold.

The sketch of the proof of °1 :
A (a7, 67, a772™) = A (y7, 07, a7 ™) =
A(A (b0, a77P™) e (a772™) % e (b7, ™)) =

A(A 00,0577 e (627) ], e (07,61 ~7™))) =
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Az A( E”,a’f‘”” (a77*™)), ™ e (01, 773 ™)) =
Ayl A (BT a7 ,e(a’f 2”‘)),01‘ 3’" e (b7, 7 7%™)) =
A(“’u T, (b )):'

A(y{n, Tln,c?_3m’e(1’c? ))=>:131 _yin
[ (1Lm),(2R)].

The proof of the statement °2 :

The statement °2 holds by the assumption that the law (1L) holds in
(@, A), by statement °1 and by Proposition 2.2; n > m + 1(: n > 3m).

For proofs of the statements °3 —° 6 see the Proof of Theorem 3.1. O

3.3. Remark: For n > 2m and m =1 (: n > 2) the following propo-
sition holds [7]: Let n > 2 and let (Q, A) be an n-groupoid. Then, (Q, A) is
an n-group iff there are mappings ~! and e respectively of the sets Q™' and
Q™ ? into the set Q such that the laws

(1L) A(A(2D),2717") = Ao, A (57, 27i5™)
(2R) A(z,a7 % e(a??) =z and
(3R) Awal? (@ 0) ) =e (o)

hold in the algebra (Q,{A,~!,e}). In addition: The laws (1L),(2R) and (3R)
are independent. O

3.4. Theorem: Let n > 2m and let (Q, A) be an (n, m)-groupoid. Then,
(Q, A) is an (n,m)-group iff there are mappings ~1 and e respectively of the
sets Q"™ and Q" *™ into the set Q™ such that the laws

(L) A(A@]),22™) = A (21, A (231) 2205,
(2L) Ale(a}™®),a} ™ 2") =27 and
(4R) A (A (.’L‘l ,ar —2m bm) ay —m (a’f'z’m,b'l”) —1) =z

hold in the algebra (@, {4,7!,e}).

Proof. a) =:

Let (Q, A) be an (n,m)-group. Then, by Proposition 2.1, there is an
algebra (Q, {4,7!,e}) of the type < (n,m),(n — m,m),(n — 2m,m) > in
which the laws (1L), (2L) and (4R) hold.

b) <«: Let (Q,{4,7!,e}) be an algebra of the type < (n,m),(n —
m,m),(n — 2m) > in which the laws (1L), (2L) and (4R) are satisfied. Then
the following statements hold:
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=

For every zT*,y7" € Q™ and for every sequence a7~ over @ the follow-
ing implication holds

AT, a7y = AT, o7 = o7 =y
(@, A) is an (n, m)-semigroup.
The laws (3R),(2R) and (3L) from 2 hold in the algebra (Q, {4,7},e}).
For every zT*,yT* € Q™ and for every sequence a7~ ™ over Q the follow-
ing implication holds

A, aT) = 4 (79 = o =

= 3l ol

n—2m
For every zT',y7",b7",cT* € @™ and for every sequence ay over @

the following equivalences hold

—2 : 2 -2 -1
AT a} m,b’ln)zc{”@a:i”:A(cl,a? ™ (e} BT ) and

[%41]

A(l,a? 2m,y§”):c’1n®y’1n:A<( T 2m bm) ! ] am CT)

The sketch of the proof 1 :

A (27200 = A (y7 el 20 =
-1

A(A(ml,al 2mbm ’a 2m(n2mbm) )__:
A (AP, er7m b ap = (a2 ) =
o =y

[-(4R)].

The proof of the statement 2 :

For n = 2m and m = 1 the statement 2 is an immediate consequence of
the definition of a semigroup and of the assumption that the law (1L) holds
in (Q, A). For n > 2m > m+ 1 the statement 2 holds by the assumption that
the law (1L) holds in (Q, A), by stement 1 and by Proposition 2.2.

The sketch of the proof 3 :
W) A(Ae(af™™),af 72 b7) 0772, (a7 ) = e (a7 =
A (67 a1, (@7 b) ) = e (a7
[-(2L),(4R),aT* = e(a]™™)].
b) AP a}” m e (a’f‘zm)) =y =
A(A (331 ,a'rlt-—Zm ( n— 2m)) n 2m ( n— 2m,$71n) 1) —
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A (e (@) )
A (o, a4 (e (a272m) 0l 7, (2772, 07) 7)) =
Ay, a7, (@72 e7) ) =
A (e, (@707 ) = A (1 aF 7 (a7 e) ) >
o =y
[2,2L),T).
) A (a7, a7) T ar o) = o7 =
A(A(arm o) (a7 o) 0, (a7 ) =
A (oo, (afm,a7) ) =
A (@ a) ™ apim, A (o 0, (a2 ) =
Ao ol (7 m,a) ) =
A7 e) a7 e (a7 77)) =
Ayrarm, (@7 e) ) =
A (e (apm2m), ap=2m, (ap=2m, 2) ) =
Ay e, (a7 a?) ) > e (a7 = o
[ 2,(3R)-a),(2L),(2R)-b), T ]

The sketch of the proof 4 :
A7, a7, aT) = A (7,677 yT) =
(a7 6) 7 a7, A (6, 0l 0T ) =

A(
A((@7 o) ™ e A BT of 0T =
AA (o)™ @b et a) =
A (A ((ar2mpr) ™ e b)) =
Ale (@7m) a7 o) = A (e (a727) a2 " y) =
o' = yT"

[ 2,(3L)-c),(2L) J.
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The sketch of the proof 5 :
AT a7 yP) =
A (@m0 ™ a4 (B o eT) ) =
A (@ 5m) ™ e o)
A(A (@2 0) 7 @) Ty ) =
A( (a2 b))
Afe (a7, 017"y = A (@7 0) a7 ) ©
g = A (@m0 e o)
[ 4,2, (3L)-c),(2L) ].
A(zT,a} 720 = o &
A (A (2T el b) a2, (a7 ) =

— - -1
A (e, ar=m, (a5 7 e

[1,(4R) ] O

Similarly, it is possible to prove that the following proposition holds:

3.5. Theorem: Let n > 2m and let (Q, A) be an (n,m)-groupoid. Then,
(@, A) is an (n,m)-group iff there is a mapping ~* of the set Q"™ into the
set Q™ such that the laws (1L),[or (1R)], (4L) and (4R) from 2 hold in the

(@{471)).
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